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In this paper some new Opial-type integral inequalities of many functions in 
many variables are established. These generalize the existing ones which have a 
wide range of applications in the study of diNerential and integral equations. 
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1. INTRODUCTION 
One of the most useful tools in the study of many quantitative as well 
as qualitative properties of solutions of differential and integral equations 
is integral inequalities. Among these, the so-called Opial-type inequalities 
have attracted continual interest and have proven to be very important in 
many situations. The first such type of inequality was the following one 
obtained by Opial [6] in 1960. 
THEOREM (Opial [6]). [f f~P”[0,h] xztkfk~ f(O)=,f(h)=O und 
f(s) > 0 .for all x E (0, h ). then 
(1 t 
Opial’s inequality (1) was generalized in 1982 by Yang [lo] to the case 
of two variables as follows. 
THEOREM (Yang [lo]). Let .fi f, := c?flSs, and .f,z := irzfliit 8s he real- 
valued functions defined and continuous on [a, b] x [c, d] with .f(a, t) = 
,f(b, I) =.f,(s, c) =f,(s, d) = O.for all (s, t) E [a, b] x [c, d], then 
I fh t) fds, t)l dt ds 
I2 $3 
( t)l?dtds, (2) 
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In recent years, Opial’s inequality has been further generalized to many 
different aspects, for instance, to integral inequalities involving higher order 
derivatives of the given function (e.g., [ 1, 4, 5, 9]), and to integral 
inequalities involving many functions of many variables (e.g., [2, 3, 7, 81) 
in which the integrands are product of powers of the given functions and 
their derivatives. In this paper, the results in the latter aspect are further 
generalized to integral inequalities involving many functions of many 
variables with integrands being certain function of the given functions and 
their derivatives satisfying certain relatively mild monotonic conditions. 
2. MAIN RESULTS 
Throughout the paper we let m, n > 1 be any integer. Let a, /?, . . . 
be indices running from 1 to m and i, j, . . . from 1 to n. For each ~1, let 
f” be a continuous real-valued function on a rectangular region 52 = 
n;=, [ai, bi] c R” such that the partial derivatives f ‘;, f yz, . . . . f I. ..n are all 
defined and continuous on Q. For the sake of simplicity, we denote fy .n 
by jx. Let F,: [0, CD) + [0, CD) be any nonnegative differentiable function 
on [0, CD) with FL B 0, F; continuous and monotonically increasing on 
[0, co ). As usual we denote by x = (x , , . . . . x,) a general point in Q, d,u the 
volume form dx, . . . dx,, and V(Q) the volume of the region Q. 
THEOREM 1. If 
f”(a,, -y2, ...? x,) 
=f;(X,,u2,X3,...,-Kn)= .‘. =.f; . ...,, -,)(X,,...,X,-,,a,)=0 
for all (x,, . . . . x,) E Q, then 
(3) 
THEOREM 2. If fG((ul,x2,...,x,) = ftl(b,,x2,...,x,) = f;(x,,u,, 
x3, . . . . x,) = j-f@,, 62, x3, . . . . x,) = ... = fP;...+,,b,, . . . . xn--l, a,) = 
f~...(n-l,(~l,...,~,-Irb,) = Ofor all (x,,...,x,)~G then 
m 
I&b 
FJlf*(x)l) J’~W-%-N) If%)l dx 
a+B > 
G ? fi F, (Jo, Isi-Wl dx). 
k=l a=1 
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Here the Q,‘s are the 2” rectangular subregions of’52 bounded by the planes 
xi = ai, xi = c,, and xi = bi, where for each i, C;E [a,, b,] is arbitrary. 
Proof of Theorem 1. For any t = (t, , . . . . t,,) E 52 and u = 1, . . . . tiz, define 
g”(t)=j If”(u)l du. 
Q, 
where Q,=nT=,[a,, t,]. Clearly g’(b,, . . . . b,)=j, Ill d-x and g”(t) is 
monotonically increasing in each variable. By the assumptions on 
f”, f;, . . . . f? ,,I ~, ), we have 
If’(t)l <J’” I.f‘:(u,, t,, . . . . [,,)I du, 
(1, 
6 s Ij‘%,r . . . . u,,)l du, . ..du., R, 
= g”(t). 
Since the F,‘s are monotonically increasing, if we write R’ = fl; ,?[ak, bk] 
we have 
“1 
j-Q;,@ 
FAIf”(-u)l) F;W-%)I) If”Wl d.y 
x+P > 
6 i i n F,(g”(x)) 
( *Qp=l x+p > 
Fbtg”(xN I.f”Wl d.Y 
n Fz(f(-y,, b,, . . . . b,,)) f&?(.u,, b,, . . . . b,,)) 
Jl#S > 
n F,(g”(-y,, b,, . . . . b,,)) F;(g”(x,, hz, . . . . b,)) 
z # s 
= fi F,(g’(b,, b,, . . . . 6,)) 
x=, 
m 
= 
I-I 0 
F, ” I.f’(x)l d-x . 
x=1 R 
Q.E.D. 
320 WING-SUM CHEUNG 
Proof of Theorem 2. Without loss of generality we may assume that 
62, = nl= ,[ai, ci]. It is clear that Eq. (3) holds if 12 is replaced by 0,. Now 
by analogies of Theorem 1 (by redefining the functions g” accordingly) we 
see that (3) holds for every !&. Hence the theorem follows. Q.E.D. 
COROLLARY 1. Zf f: Q + R and F: [0, o(j ) ---) [0, CC ) sarisLy the hypo- 
theses of Theorem 1, then 
for any integer m > 1. In particular, 
s R If(x)I I~WI d, d-[i, IfWl d-x] 
for any integer m > 1. 
(4) 
(5) 
Proof The first inequality follows immediately from Theorem 1 by 
setting f a = f and F, = F for each CL The second inequality follows from 
the first one by setting F= identity. Finally, the last inequality follows 
by applying Holder’s inequality to the second one. Q.E.D. 
COROLLARY 2. If f: R + R and F: [O, ~10) + [O, cc ) satisJb1 the 
hypotheses of Theorem 2, then 
s CF(lf(x)l)l”-‘F’(If(x)l) I.h)l dx R 
>I m 
for any integer m > 1. In particular, 
(6) 
(7) 
for any integer m > 1. 
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Proof: The first inequality follows from Theorem 2 by setting f’ =,f 
and F, = F for each LX The second inequality follows from the first one 
by setting F= identity. By applying Holder’s inequality to the second 
inequality we have 
and the third inequality follows by putting c, = (a; + bj)/2 for each i. Q.E.D. 
Remark. When m = 1, (5) and (7) are identities. If m = 2, (7) becomes 
In particular, this reduces to Opial’s inequality (1) when n = 1, and to 
Yang’s inequality (2) when n = 2. 
Nore added in proqf The author thanks the referee for pointing out that the inequalities 
(5) and (7) in Corollaries 1 and 2 are still valid when the integer m > 1 is replaced by any real 
number p > 1. In fact, these follow easily by putting m = I and F(s) = xP in inequalities (4) 
and (6). 
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